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Abstract
In Theorem 2.3 we determine finite 2-groups all of whose minimal nonabelian subgroups are of order 8
(i.e., they are isomorphic to D8 or Q8). In Corollary 2.4 we determine finite 2-groups all of whose minimal
nonabelian subgroups are isomorphic and have order 8. In Corollary 2.5 we show that a minimal non-
Dedekindian finite 2-group is either minimal nonabelian or is isomorphic to Q16. In further three theorems
we classify finite 2-groups all of whose minimal nonabelian subgroups are pairwise isomorphic and have
order > 8 and exponent 4. This solves some problems stated by Berkovich [Y. Berkovich, Groups of prime
power order, Parts I and II (with Z. Janko), in preparation].
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1. Introduction and known results
It is a well-known fact (see Lemma 2.1) that a finite nonabelian p-group is generated by its
minimal nonabelian subgroups. Therefore it is natural to try to determine the structure of a finite
p-group if the structure of its minimal nonabelian subgroups is known. Here we consider finite 2-
groups all of whose minimal nonabelian subgroups are of exponent 4. Using very useful remarks
and original ideas of the referee, we have been able to give unified and relatively short proofs.
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802 Z. Janko / Journal of Algebra 315 (2007) 801–808We consider here only finite p-groups G and our notation is standard. In addition, Ω∗2 (G) =
〈x ∈ G | o(x) = p2〉. A 2-group H is called “quasidihedral” if it possesses an abelian maximal
subgroup A of exponent > 2 and an involution t ∈ H −A such that t inverts each element of A.
We state some known results which are used in this paper.
Proposition 1.1. (See Berkovich [1, Lemma 4.2].) Let G be a p-group with |G′| = p. Then
G = (A1 ∗ A2 ∗ · · · ∗ As)Z(G), s  1 (∗ denotes a central product), where A1,A2, . . . ,As are
minimal nonabelian subgroups.
Proposition 1.2. (See Berkovich [2, Proposition 19(a)].) Suppose that B is a nonabelian sub-
group of order p3 in a p-group G. If CG(B) B , then G is of maximal class.
Proposition 1.3. (See Berkovich and Janko [3, Lemma 3.2(a)].) Let G be a two-generator
p-group such that |G′| = p. Then G is minimal nonabelian.
Proposition 1.4. (See Janko [5, Proposition 1.9].) Let G be a nonabelian p-group with an
abelian maximal subgroup. Then |G| = p|G′||Z(G)|.
2. New results
Lemma 2.1. Let G be a nonabelian p-group and let A be a maximal abelian normal subgroup
of G. Then for any x ∈ G − A, there is a ∈ A such that [a, x] = 1, [a, x]p = 1, and [a, x, x] =
1 which implies that 〈a, x〉 is minimal nonabelian. Therefore, G is generated by its minimal
nonabelian subgroups.
Proof. Since CG(A) = A, we have CA(x) = A and therefore 〈x〉CA(x) is a proper abelian
subgroup of 〈x〉A. Let B be a subgroup of 〈x〉A containing 〈x〉CA(x) as a subgroup of index
p. Then |(A ∩ B) : CA(x)| = p, CA(x)  Z(B) and B ′  CA(x). Let a ∈ (A ∩ B) − CA(x)
so that ap ∈ CA(x). We get 1 = [ap, x] = [a, x]p . On the other hand, [a, x] ∈ CA(x) and
so [a, x, x] = 1. We get 〈a, x〉′ = 〈[a, x]〉 and so, by Proposition 1.3, 〈a, x〉 is minimal non-
abelian. 
Lemma 2.2. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are of
exponent 4 and let A be a maximal normal abelian subgroup of G. Then all elements in G − A
are of order  4 and so either exp(A) = 2 or exp(A) = exp(G). If x ∈ G − A with x2 ∈ A, then
x inverts each element in 1(A) and in A/Ω1(A). If exp(G) > 4, then either G/A is cyclic of
order  4 or G/A ∼= Q8.
Proof. By Lemma 2.1, all elements in G − A are of order  4. Thus, exp(A) = 2 or exp(A) =
exp(G). Let x ∈ G−A with x2 ∈ A. Then for each a ∈ A we have (aax)x = axax2 = axa = aax
and so aax = w with w ∈ CA(x) and ax = a−1w. We compute
(xa)2 = xaxa = x2axa = x2a−1wa = x2w,
where o(x2) 2. Since o(xa) 4, we have o(w) 2 and so x inverts each element of A/Ω1(A).
Finally, (a2)x = (a−1w)2 = a−2 and so x inverts each element of 1(A). If exp(A) > 4, then
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G/A ∼= Q8. 
Theorem 2.3. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are
isomorphic to D8 or Q8. Then G is one of the following groups:
(a) G is quasidihedral;
(b) G = HZ(G), where H is of maximal class and 1(Z(G)) Z(H);
(c) G = HZ(G), where H is extraspecial and 1(Z(G)) Z(H).
Proof. Let A be a maximal normal abelian subgroup of G. We see at once that G/A is elemen-
tary abelian. Indeed, let x ∈ G − A with o(x) = 4 and A ∩ 〈x〉 = {1}. According to Lemma 2.1,
let a ∈ A be such that [a, x] = 1 and F = 〈a, x〉 be minimal nonabelian. Since |F | = 8, we have
F ∩A = 〈a〉 is of order 2 and so [a, x] = 1, a contradiction. We shall also use induction on |G|.
(i) First we deal with the case exp(G) = 4. In this case we show that each cyclic subgroup
of order 4 is normal in G. Suppose that this is false. Let X = 〈x〉 be a cyclic subgroup of or-
der 4 which is not normal in G. Set M = NG(X) so that M = G. Let M0 > M be such that
|M0 : M| = 2 and assume M0 = G. By induction, the nonabelian group M0 is a group of Theo-
rem 2.3 with exponent 4 and so X is normal in M0, a contradiction. Thus |G : M| = 2 and with
the same argument we see that M is a unique maximal subgroup of G containing X. In particular,
d(G) = 2, X Φ(G) and 〈x, y〉 = G for each y ∈ G − M . Let y be a fixed element in G − M
so that y2 ∈ M , o(y2) 2, y2 normalizes X and set x2 = z. We have xy /∈ 〈x〉, NG(〈xy〉) = M
and A = 〈x, xy〉 = 〈x〉〈xy〉 is normal in G since (xy)y = xy2 ∈ 〈x〉. Since A〈y〉 contains X, we
have (by the above) G = A〈y〉 and M = A〈y2〉. If [x, xy] = 1, then A is abelian of type (4,2) or
(4,4). If [x, xy] = 1, then [x, xy] ∈ 〈x〉 ∩ 〈xy〉 and so [x, xy] is a central involution in A which
implies that A is minimal nonabelian. But A contains two distinct cyclic subgroups of order 4
and so in this case A ∼= Q8 is quaternion.
First suppose that y2 /∈ A so that o(y) = 4, G/A ∼= C4 and M = A〈y2〉 = A. Since 〈x〉
is normal in M , y2 either centralizes or inverts 〈x〉. Because yx ∈ G − M and exp(G) = 4,
(yx)2 = yxyx = y2(xyx) is an involution in M − A. Hence y2(xyx)y2(xyx) = 1 and so
(xyx)y
2 = (xyx)−1. First consider the possibility 〈x, xy〉 = A ∼= Q8 so that 〈x〉 ∩ 〈xy〉 = 〈z〉 =
Z(A) and 〈x〉, 〈xy〉 and 〈xyx〉 are the three cyclic subgroups of order 4 in A. If y2 inverts 〈x〉,
then y2 also inverts 〈xy〉. By the above, y2 inverts 〈xyx〉 and so y2 acts invertingly on A and
therefore A must be abelian, a contradiction. Hence, y2 centralizes 〈x〉 and 〈xy〉 and so y2 cen-
tralizes A, contrary to the above fact that y2 inverts 〈xyx〉. We have proved that A is abelian.
Assume that y2 inverts 〈x〉 and then y2 also inverts 〈xy〉 which implies that y2 acts invertingly
on A and so M = A〈y2〉 is quasidihedral. Hence A is a maximal normal abelian subgroup in G
(since CG(A) = A), a contradiction because G/A is not elementary abelian. We have proved that
y2 centralizes 〈x〉 and 〈xy〉 and so M = A×〈y2〉 is abelian. By the above, y2 also inverts xyx and
so u = xyx must be an involution, A is abelian of type (4,2), |G| = 25, 〈z,u〉 = Ω1(A) ∼= E4,
and 〈x〉 ∩ 〈xy〉 = 〈z〉 =1(A). We compute:
uy = (xyx)y = xy2xy = xxy = xyx = u,
and so CM(y) = Z(G) = 〈y2, z, u〉 ∼= E8 is of index 4 in G and therefore, by Proposition 1.4,
|G′| = 2. But G = 〈y, x〉 is two-generated and so, by Proposition 1.3, G is minimal nonabelian
of order 25, a contradiction.
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CG(A)  A, then Proposition 1.2 implies that G is of maximal class (and order 24). This is
not possible since exp(G) = 4. Hence, CG(A)  A and so d(G) = 3, a contradiction. Thus, A
is abelian of type (4,2) or (4,4). We have (yx)2 = y2(xyx), where o(y2)  2. It follows that
o(xyx) 2 since yx cannot be of order 8. This forces 〈x〉 ∩ 〈xy〉 = 〈z〉, A is of type (4,2) and
|G| = 24. Set u = xyx so that u is an involution and 〈z,u〉 = Ω1(A) ∼= E4. We have
uy = (xyx)y = xy2xy = xxy = xyx = u
and so CA(y) = Z(G) = 〈z,u〉 ∼= E4 is of index 4 in G. By Proposition 1.4, |G′| = 2. But
G = 〈y, x〉 and so, by Proposition 1.3, G is minimal nonabelian (of order 24), a contradiction.
We have proved that each cyclic subgroup of order 4 is normal in G.
If Ω∗2 (G) = G, then G is quasidihedral. Therefore we may assume that Ω∗2 (G) = G in which
case there is a cyclic subgroup X = 〈x〉 of order 4 which is not central in G (otherwise, G
would be abelian). Set H = CG(x) and x2 = z. Then |G : H | = 2 and for each g ∈ G − H ,
g2 ∈ 〈z〉 (otherwise, 〈g〉 ∩ 〈x〉 = {1} implies [g,x] = 1, a contradiction). We have proved that
G/〈z〉 is quasidihedral. Let g ∈ G−H with g2 = z and assume that there is h ∈ H with h2 /∈ 〈z〉.
Then hg = h−1 since G/〈z〉 is quasidihedral and 〈h〉 is normal in G. But then 〈h〉 ∩ 〈g〉 = {1}
implies [h,g] = 1, a contradiction. Hence, for each h ∈ H , h2 ∈ 〈z〉 and so 〈z〉 = Φ(G) = G′.
By Proposition 1.1, G = H1 ∗ · · · ∗HsZ(G), s  1, where each Hi is minimal nonabelian and so
H = H1 ∗ · · · ∗Hs is extraspecial and 1(Z(G))Z(H) since Z(H) = Φ(G).
(ii) We assume that exp(G) > 4. Then Lemma 2.2 implies that |G : A| = 2, where A is a
maximal normal abelian subgroup of G with exp(G) = exp(A) > 4.
(ii1) Suppose Ω1(A)  Z(G) so that CG(Ω1(A)) = A. Let x ∈ G − A and v ∈ Ω1(A) −
CA(x) so that 1 = [v, x2] = [v, x][v, x]x , [v, x]x = [v, x] and 〈v, x〉 ∼= D8. For any a ∈ A we
have CA(ax) = CA(x), [v, ax] = [v, x] and therefore 〈v, ax〉 ∼= D8 which implies that G/〈[v, x]〉
is quasidihedral. The subgroup B = {b | b ∈ A, bx = b−1} is of index at most 2 in A and in fact
|B : A| = 2 since vx = v−1 = v. We have A = 〈v,B〉, where B covers A/Ω1(A). Either x or
vx is of order 4 and so if w ∈ B with o(w) = 4, then we consider the subgroups 〈x,w〉 and
〈vx,w〉 to get w2 = [v, x] (otherwise, one of these two subgroups would me metacyclic minimal
nonabelian of order 24). Hence B = 〈b〉Ω1(B), where Ω1(〈b〉) = 〈[v, x]〉 and H = 〈b, x〉 is of
maximal class. Let b0 be an element of order 4 in 〈b〉 and set z = [v, x] so that b20 = z. We
get (vb0)x = (vz)(b0z) = vb0 and so G = HZ(G) with Z(G) = Ω1(B)〈vb0〉 and 1(Z(G)) =
Z(H) = 〈z〉.
(ii2) Suppose Ω1(A)  Z(G). Let x ∈ G − A so that x2 ∈ Ω1(A) and x inverts each ele-
ment in A/Ω1(A) (Lemma 2.2). Thus, [Ω2(A),G]  Ω1(A) and [Ω2(A), x] = 1. Indeed, by
Lemma 2.1, there is a ∈ A with 〈a, x〉 minimal nonabelian and so a ∈ Ω2(A) and [a, x] = 1. Let
v ∈ Ω2(A) − CA(x) so that 1 = [v, x] ∈ Ω1(A)  Z(G) and therefore 〈v, x〉 is minimal non-
abelian (of order 8) and so vx = v−1. Assume that there is w ∈ Ω2(A)−Ω1(A) with [w,x] = 1.
Then vw ∈ Ω2(A) − CA(x) and therefore vw is inverted by x. We get v−1w−1 = (vw)−1 =
(vw)x = v−1w which implies w2 = 1, a contradiction. We have proved that x inverts each el-
ement in Ω2(A) and so CA(x) = Ω1(A) = Z(G). If each element in G − A is an involution,
then G is quasidihedral. Therefore, we may take a fixed element x ∈ G−A with o(x) = 4. Then
for each v ∈ A with o(v) = 4 we have vx = v−1 which forces v2 = x2. Indeed, if v2 = x2, then
〈v, x〉 would be metacyclic minimal nonabelian of order 24, a contradiction. We have proved
that A = 〈b〉Ω1(A) with o(b)  8 and 〈x2〉 = 〈b〉 ∩ Ω1(A). By Lemma 2.2, bx = b−1ζ with
ζ ∈ Ω1(A). We compute (xb)2 = x2bxb = x2b−1ζb = x2ζ and let b0 be an element of order
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der 24, a contradiction. Hence ζ ∈ 〈b〉 and so ζ ∈ 〈x2〉 and H = 〈b, x〉 is of maximal class and
G = HZ(G) with 1(Z(G)) = {1}. 
Corollary 2.4. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are
isomorphic to a ( fixed) nonabelian group P of order 8. If P ∼= D8, then G is quasidihedral. If
P ∼= Q8, then G = Q×V , where Q ∼= Q2n is a generalized quaternion group of order 2n, n 3,
and exp(V ) 2.
Corollary 2.5. If G is a minimal non-Dedekindian 2-group, then G is either minimal nonabelian
or G is isomorphic to Q16.
Proof. Suppose that G is not minimal nonabelian. Let X = G be a minimal nonabelian sub-
group of G. Then X is Dedekindian and so X ∼= Q8. Note that each Dedekindian 2-group Y is
either abelian or Hamiltonian, i.e., Y = Q× V with Q ∼= Q8 and exp(V ) 2. By Corollary 2.4,
G ∼= Q16. 
Theorem 2.6. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are
isomorphic to H2 = 〈a, b | a4 = b4 = 1, ab = a−1〉. Then the following holds:
(a) If G is of exponent  8, then G has a unique abelian maximal subgroup A. We have
exp(A)  8 and E = Ω1(A) = Ω1(G) = Z(G) is of order  4. All elements in G − A
are of order 4 and if v is one of them, then CA(v) = E and v acts invertingly on Φ(A) and
on A/E.
(b) If G is of exponent 4, then G = K ×V , where exp(V ) 2 and for the group K we have one
of the following possibilities.
(b1) K ∼= H2 is of order 24;
(b2) K is the minimal nonmetacyclic group of order 25 (see [6, Theorem 7.1]);
(b3) K is a unique special group of order 26 with Z(K) ∼= E4 in which every maximal
subgroup is minimal nonmetacyclic of order 25 ( from (b2)):
K = 〈a, b, c, d ∣∣ a4 = b4 = 1, c2 = a2b2, [a, b] = 1, ac = a−1, bc = a2b−1,
d2 = a2, ad = a−1b2, bd = b−1, [c, d] = 1〉;
(b4) K is a splitting extension of B = B1 × · · · × Bm, m  2, with a cyclic group 〈b〉 of
order 4, where Bi ∼= C4, i = 1,2, . . . ,m, and b inverts each element of B (and b2
centralizes B).
Proof. Since D8 is not a subgroup of G, Ω1(G) is elementary abelian of order > 2 (because G
is not generalized quaternion). Let x ∈ G − Ω1(G) with o(x) = 4 and assume that there is a ∈
Ω1(G) such that [a, x] = 1. Then [a, x] is an involution and we have 1 = [a, x2] = [a, x][a, x]x
so that [a, x]x = [a, x] and 〈a, x〉 is minimal nonabelian, a contradiction. Here we have used the
fact that Ω1(B)  Z(B) for each minimal nonabelian subgroup B  G, where B ∼= H2. Since
Ω∗2 (G) = G, we have proved that Ω1(G)  Z(G). Hence, if A is a maximal normal abelian
subgroup of G, then Ω1(G) = Ω1(A)  Z(G), G/A is elementary abelian, Ω1(A) < A, and
G− A consists of elements of order 4.
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H = 〈a, b ∣∣ a4 = b4 = 1, ab = a−1, a2 = z, b2 = u〉
be a minimal nonabelian subgroup of CG(v). First suppose that 〈v〉 ∩ H = {1}. Then (av)2 =
a2v2 = zv2 /∈ H , (av)b = abv = a−1v = (av)z, so that 〈av, b〉 is the nonmetacyclic minimal
nonabelian group of order 25 and exponent 4, a contradiction. Hence, v /∈ H but v2 ∈ Z(H)
and so v2 ∈ {z,u,uz}. If v2 = z, then i = va is an involution, i /∈ H and ib = iz and so i /∈
Z(G), a contradiction. If v2 = u, then j = vb is an involution, j /∈ H and aj = avb = ab = a−1
so that j /∈ Z(G), a contradiction. If v2 = uz, then (vb)2 = v2b2 = (uz)u = z, vb /∈ H , and
avb = ab = a−1 so that 〈vb, a〉 ∼= Q8, a contradiction We have proved that the centralizer of
each element of order 4 is abelian. In particular, for each x ∈ G − A, CA(x) = Ω1(A) and
Ω1(A) = Z(G).
If exp(A) > 4, then Lemma 2.2 implies that |G : A| = 2 and we have obtained groups in
part (a) of our theorem. Indeed, since x ∈ G − A acts invertingly on A/Ω1(A) and exp(A) 8,
we have |G′| > 2 and so using Proposition 1.4 we see that A is a unique abelian maximal sub-
group of G (otherwise, |G : Z(G)| = 4).
From now on we assume that exp(G) = 4. In that case Φ(G)  Ω1(A) = Z(G) and
|Φ(G)|  4. If x, y are elements of order 4 in G with [x, y] = 1, then [x, y] is an involution
in Z(G) and so 〈x, y〉 is minimal nonabelian and 〈x, y〉 ∼= H2 implies that in case x2 = y2 we
have yx ∈ {y−1, yx2}.
Considering G/Φ(G), we get G = K × V , where exp(V )  2 and Ω1(K) = Z(K) =
Φ(K) = Φ(G). It is easy to determine the structure of G in case |Φ(G)| = 4. Our group K
has exactly three involutions and Z(K) ∼= E4 is noncyclic. By a result of Ustjuzhaninov [7],
K has a metacyclic normal subgroup M such that K/M is elementary abelian of order  4 (see
a proof of that result in [5]). Since in our case K is of exponent 4, we have |M|  24 and so
|K|  26. If |K|  24, then K ∼= H2. Suppose that |K| = 25. In this case K is nonmetacyclic
(since exp(K) = 4). If K is not minimal nonmetacyclic, then [6, Theorem 7.1] implies that K
must possess a subgroup which is isomorphic to E8 or Q8. This is not the case and so K is
minimal nonmetacyclic of order 25. Finally, assume that |K| = 26. Each maximal subgroup of K
is minimal nonmetacyclic of order 25 and such a group K is unique according to [4, Theorem 2
and Remarks] so K is special with Z(K) ∼= E4. We have obtained the groups stated in parts (b1),
(b2) and (b3) of our theorem.
It remains to treat the case |Φ(G)| > 4. We note that |A : Ω1(A)| = |1(A)| and let x ∈ G−A.
Consider any element y ∈ A with y2 /∈ 〈x2〉 and suppose that yx = y−1 so that yx = yx2. Assume
that there is v ∈ A with v2 /∈ 〈x2, y2〉. Since yx = yvx (and (vx)2 ∈ {v2, x2} and so (vx)2 = y2),
we get x2 = (vx)2 which gives vx = v−1. Since (vy)2 /∈ 〈x2, y2〉, we also get (vy)x = (vy)−1.
Hence, yx = y−1 for all y ∈ A with y2 /∈ 〈x2〉 and so x acts invertingly on A. (If z ∈ A with
z2 = x2, then x inverts zy and so x also inverts z. But in that case 〈z, x〉 ∼= Q8 which cannot
happen.) We have proved that in case |A : Ω1(A)| 8, each element x ∈ G − A acts invertingly
on A and so |G : A| = 2 and we have obtained a group in part (b4) of our theorem.
Assume |A : Ω1(A)| = |1(A)| = 4 so that A = 〈y, z〉Ω1(A) and 1(A) = 〈y2, z2〉. Since
|Φ(G)| > 4, there is u ∈ G − A such that u2 /∈ 〈y2, z2〉. By the arguments in the previous para-
graph, u acts invertingly on A and so A〈u〉 is a group of part (b4) of our theorem. Suppose
that A〈u〉 = G. Then there is x ∈ G − (A〈u〉) such that 1(A〈x〉) = 1(A) and we may as-
sume that x2 = z2. If yx = y−1, then xu ∈ G − A and xu centralizes y, a contradiction. It
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y2 = (zx)2 = [z, x]. We compute
(yz)x = yx2z[z, x] = yx2zy2 = y−1z−1 = (yz)−1.
But then xu centralizes yz, a contradiction. Hence, we must have G = A〈u〉.
Finally, suppose |A : Ω1(A)| = 2 so that A = 〈y〉Ω1(A). Let x ∈ G − A, where we may
assume that x2 = y2. (Indeed, we have 〈x, y〉 ∼= H2 and so if x2 = y2, then we replace x with
x′ = xy, where (x′)2 = y2.) We may assume that yx = yx2 (otherwise, if each element in G−A
acts invertingly on A, then |G : A| = 2 and G would be a group from part (b1) of our theorem).
Let u ∈ G − 〈A,x〉 with u2 /∈ 〈x2, y2〉. Then we have yu ∈ {y−1, yu2}. First suppose that yu =
y−1. Then yxu = (yx2)u = y(y2x2). But (xu)2 is equal either x2u2 (if [u,x] = 1) or u2 or x2
(if [u,x] = 1 and so 〈u,x〉 ∼= H2) and therefore in any case (xu)2 = y2. Since 〈y, xu〉 ∼= H2,
we get yxu = yy2 or yxu = y(xu)2. Since yxu = y(y2x2), the only possibility is (xu)2 = y2x2
which is a contradiction. Hence, we must have the second possibility yu = yu2 and we get
yxu = (yx2)u = y(u2x2) and therefore (because u2x2 = y2 is excluded) x2u2 = (xu)2 which
implies [u,x] = 1. In that case A1 = 〈x,u〉Ω1(A) is an abelian normal subgroup of G with
|A1 : Ω1(A)| = 4 which leads to one of the former cases, when we consider a maximal normal
abelian subgroup A∗ (instead of A) containing A1. Our theorem is proved. 
Theorem 2.7. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are
isomorphic to H16 = 〈a, t | a4 = t2 = 1, [a, t] = z, z2 = [a, z] = [t, z] = 1〉. Then Ω1(G) is a
self-centralizing elementary abelian subgroup and G is of exponent 4. Moreover, the centralizer
of any element of order 4 is abelian of type (4,2, . . . ,2).
Proof. Since D8 is not a subgroup of G, Ω1(G) is elementary abelian (of order > 2). We choose
a maximal normal abelian subgroup A of G so that Ω1(G)A. Using Lemma 2.2, we see that
all elements in G − A are of order 4 which implies Φ(G)  A. By Lemma 2.1, we have also
CG(Ω1(A)) = A.
Let v be an element of order 4 such that CG(v) is nonabelian and let H = 〈a, t | a4 =
t2 = 1, [a, t] = z, z2 = [a, z] = [t, z] = 1〉 be a minimal nonabelian subgroup of CG(v). As-
sume that 〈v〉∩H = {1} so that 〈H,v〉 = H ×〈v〉 is of order 26. Since (vt)2 = v2, it follows that
〈vt〉 ∩H = {1} and 〈vt〉 normalizes H . Consider the subgroup 〈a, vt〉. Since [a, vt] = [a, t] = z
and z commutes with a and vt , we have 〈a, vt〉′ = 〈z〉 and so S = 〈a, vt〉 is minimal nonabelian
of order 25 (since S ∩H = 〈a, z〉 ∼= C4 ×C2 and S covers 〈H,v〉/H ), a contradiction. Hence we
must have 〈v〉∩H = 〈v2〉, where v2 ∈ Z(H) and so v2 ∈ {z, a2, a2z}. Suppose that v2 = z so that
(vt)2 = z and [a, vt] = z which implies that 〈a, vt〉 is metacyclic minimal nonabelian of order
24, a contradiction. Suppose that v2 = a2 so that va is an involution and [va, t] = z = 1, a con-
tradiction. Similarly, if v2 = a2z, then atv is an involution and [atv, t] = z = 1, a contradiction.
We have proved that for each element v of order 4, CG(v) is abelian.
Let x, y ∈ G be such that x ∈ G−A, [x, y2] = 1 = [x2, y] and [x, y] = 1. Then 〈x, y〉 ∼= H16
and so either y or xy is an involution. Indeed, c = [x, y] ∈ A since G/A is abelian. We get
1 = [x, y2] = [x, y][x, y]y, 1 = [x2, y] = [x, y]x[x, y],
and so cx = c−1, cy = c−1. Suppose o(c) > 2 and let c0 be an element of order 4 in 〈c〉 so
that cx = (c0)−1 = c0c2, 〈c0, x〉′ = 〈c2〉 and therefore 〈c0, x〉 is a metacyclic minimal nonabelian0 0 0
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〈x, y〉 is minimal nonabelian ∼= H16.
Suppose that A = Ω1(A). Take an element x ∈ G − A and an element y of order 4 in A.
Since CG(y) is abelian, [x, y] = 1. By Lemma 2.2, x inverts each element in A/Ω1(A) and so
[x, y] ∈ Ω1(A). We have [x2, y] = 1 and [x, y2] = [x, y][x, y]y = [x, y]2 = 1. By the above,
〈x, y〉 ∼= H16 and so xy must be an involution, a contradiction. We have proved that A = Ω1(A)
and so exp(G) = 4.
For each a ∈ G−A, we have CG(a) = 〈a,CA(a)〉. Suppose that this is false. Let b ∈ CG(a)−
(A〈a〉) so that 〈a, b〉 ∼= C4 × C4 and 〈a, b〉 ∩ A = 〈a2, b2〉 ∼= E4. Indeed, if a2 = b2, then ab ∈
G−A and ab is an involution, a contradiction. Set A0 = CA(a) so that A0 = A and A0 = CA(b)
(since CG(a) and CG(b) are abelian). Let t ∈ A−A0 and consider the subgroup 〈a, bt〉. We have
[a, bt] = 1, o(bt) = 4 and since CA(bt) = CA(b) = CA(a) = A0, we have a2, (bt)2 ∈ A0 and
therefore [a, (bt)2] = [a2, bt] = 1. By the above, 〈a, bt〉 ∼= H16 which implies that abt (∈ G−A)
is an involution, a contradiction. Our theorem is proved. 
Theorem 2.8. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are
isomorphic to H32 = 〈a, b | a4 = b4 = 1, [a, b] = z, z2 = [a, z] = [b, z] = 1〉. Then Ω1(G) 
Z(G) and G is of exponent 4 and class 2.
Proof. In exactly the same way as in the first paragraph of the proof of Theorem 2.6, we show
that if A is a maximal normal abelian subgroup of G, then Ω1(G) = Ω1(A) Z(G), Ω1(A) < A
and G−A consists of elements of order 4. Suppose that exp(A) > 4. By Lemma 2.2, |G : A| = 2
and if x ∈ G − A, then o(x) = 4 and x inverts each element in 1(A). Let y ∈ 1(A) with
o(y) = 4. Then yx = y−1 so that 〈x, y〉 is metacyclic minimal nonabelian (of order 8 or 16), a
contradiction. Hence exp(A) = 4 and so Φ(G)Ω1(G) Z(G). Our theorem is proved. 
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